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Abstract
Chebyshev pseudospectral (PS) methods are reported to provide highly accurate solution using polynomial approxi-
mation. Use of polynomial basis functions in PS algorithms limits the formulation to univariate systems constraining it
to tensor product grids for multi-dimensions. Recent studies have shown that replacing the polynomial by radial basis
functions in pseudospectral method (RBF-PS) has the advantage of using irregular grids for multivariate systems. A
RBF-PS algorithm has been presented here for the numerical solution of inhomogeneous Helmholtz’s equation using
Gaussian RBF for derivative approximation. Efficacy of RBF approximated derivatives has been checked through
error analysis comparison with PS method. Comparative study of PS, RBF-PS and finite difference approach for the
solution of a linear boundary value problem has been performed. Finally, a typical frequency domain acoustic wave
propagation problem has been solved using Dirichlet boundary condition and a point source. The algorithm presented
here can be extended further for seismic modeling with complexities associated with absorbing boundary conditions.
1. Introduction
In recent years, there have been significant developments in the meshless approaches for solving differential equa-
tions arising in various disciplines of science and engineering. Many formulations have been proposed for meshless
solutions of differential equations [1, 2, 3] out of which, approaches based on radial basis functions are found to
be efficient for modeling physical phenomena like structural mechanics [4], fluid mechanics [5] etc. Pseudospectral
methods, also known as discrete variable representation (DVR) methods are highly accurate approaches [6, 7, 8] in-
corporating the idea of approximating the field using a set of smooth and global basis function like polynomials. Use
of polynomial basis functions makes the formulation univariate constraining the algorithm limited to tensor product
grids for higher dimensions. An improved pseudospectral algorithm was proposed replacing polynomials with radial
basis functions making the formulation to incorporate irregular girding as well as irregular geometries. Such approach
is collectively termed as radial basis based pseudospectral method (RBF-PS)[8, 9].
Here, we present a RBF-PS algorithm for numerical solution of inhomogeneous Helmholtz’s equation which
is also a frequency domain representation of acoustic wave equation. An accuracy analysis of RBF approximated
derivatives has been performed through a numerical test involving a comparative study of maximum error in derivative
approximation with those obtained using polynomial approximation over Chebyshev differential grids. For the reason
that pseudospectral methods are explained as high accuracy limit of finite difference method [10], a comparative test
has been performed among finite difference, PS and RBF-PS approaches by solving a linear boundary value problem.
Finally, the algorithm has been used for solving two dimensional frequency-domain representation of acoustic wave
equation using differential Chebyshev grids.
2. Derivative approximation
RBF-PS method involves the common approach of all weighted residual methods i.e. approximating the field using
combination of some pre-defined functions termed as shape functions and some unknown coefficients which are
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determined depending upon the governing equation of the problem. In RBF-PS method, shape functions are computed
using radial basis functions. The approximate solution can be expressed as,
pa(x) =
N∑
k=1
γkφk(x) (1)
or,
pa = ΘΓ (2)
where the elements of matrix Θ are such that Θi, j = φi(x j), γk = [γ1, γ2, γ3, ...γN]T are the unknown coefficients, and
φk = [φ1(x), φ2(x), φ3(x)...φN(x)]T are set of shape functions. For shape function construction here, the Gaussian radial
basis function has been considered. The expressions for general Gaussian radial basis function and its derivatives are
given as,
Φ(r) = e−(r)
2
(3)
Φ
′
(r) = −22re−(r)2 (4)
Φ
′′
(r) = 22(2(r)2 − 1)e−(r)2 (5)
Taking derivative of equation (1), it can be written as,
∂
∂x
pa(x) =
N∑
k=1
γk
∂
∂x
φk(x) (6)
or in parametric form we can write it as,
D[pa] = ΘxΓ (7)
Where D denotes the first derivative operator and Θx contains first derivatives of RBFs. For univariate case invertibility
of Θx is assured. This is one of the reason why pseudospectral methods are generally used for univariate system. In
order to use equation (7) for derivative approximation, invertibility of Θ must be assured, which depends on the choice
of the radial basis function and the grid arrangements. Using equation (2), equation(7) can be written as,
D[pa] = ΘxΘ−1pa (8)
The differential operator D, therefore can be expressed as,
D = ΘxΘ−1 (9)
3. Discretization Scheme
Let’s consider a general form of our concerned governing equation in a domain Ω inside the boundary B.
∇2 p + k2 p = S ∈ Ω (10)
Using the convention adopted in equation (1) we can write equation (10) as,
H p = S ∈ Ω (11)
2
with Dirichlet boundary condition
p = g ∈ B (12)
using the similar convention as equation(9) for the Laplace operator, problem given in equations (11) and (12) can be
written in parametric form as given by, [
ΘLΘ
−1 + k2
Θ
] [
Γ
]
=
[
S
g
]
(13)
or [
Γ
]
=
[
ΘLΘ
−1 + k2
Θ
]−1 [S
g
]
(14)
In accordance with equation (1) the approximated field variable pa can be written as,
[
pa
]
= Θ
[
ΘLΘ
−1 + k2
Θ
]−1 [S
g
]
(15)
Thus the differential operator for the governing equation can be computed as Θ−1
[
ΘLΘ
−1 + k2
Θ
]
. Here we use Cheby-
shev grids for discretization of domain and Kronecker delta product to compute the Helmholtz operator as given
below,
H = I ⊗ D2 + D2 ⊗ I + k2 (16)
while using RBF approximation methods, role of shape parameter is very crucial. For this study, we have adopted the
work of [11] to determine the optimal shape parameter.
4. Numerical Tests
Here we compute maximum error in derivative approximation of two functions using RBF approximation and
compare the results with those obtained using Chebyshev pseudospectral differentiation as well as with exact differ-
entiation as given by,
f (x) =‖ x3 ‖ f ′ (x) = 3x ‖ x ‖ and, (17)
g(x) = exp(−x−2) g′ (x) = 2
x3
exp(−x−2) (18)
maximum error in computing derivative using PS and RBF-PS approach have been shown in figure 1. Although
application of RBF in pseudospectral methods makes it flexible to model more complex physical processes, this
numerical test shows that the accuracy of RBF approximated derivatives are less than those obtained by Chebyshev
pseudospectral differentiation. For the second test, we consider a linear boundary value problem as given by,
u
′′
(x) = exp(4x) ∈ [−1, 1] (19)
with the boundary condition
u(−1) = u(1) = 0 (20)
The problem (19) with boundary conditions (20) has been solved using three approaches namely finite difference (FD),
pseudospectral method (PS) and RBF based pseudospectral method (RBF-PS) method. For FD, 100 grid points has
3
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Figure 1: Maximum error in derivative approximation via radial basis functions and its comparison with Chebyshev pseudospectral approximation
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Figure 2: Solution of the linear boundary value problem using (a) finite difference (b) Pseudospectral method (c) RBF-PS method and its comparison
with the exact solution
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been used whereas for PS and RBF-PS method, 16 scattered nodes are used. Figure 2 shows the efficacy of RBF-PS
method in accordance with PS method.
Frequency domain representation of acoustic wave equation is widely used for full waveform inversion and the
precises modeling of seismic attenuation processes [[12]]. A simplified problem of frequency domain acoustic wave
propagation has been solved using null Dirichelet boundary conditions. The problem formulation is given by,
∂2 p
∂x2
+
∂2 p
∂z2
+
ω2
vp2
p = S (x, y, ω) (21)
S (x, y, ω) = exp((x − x0)2 + (z − z0)2)
[
2 f 2
pi2 f 3c
exp
(
− f
2
pi f 2
)]
(22)
where f = ωupslope2pi is the frequency and fc is related to cutoff frequency as described in [13]. For this simplified test,
the values f = 20Hz and vp = 1 has been used. The problem is solved using 100 nodes using Chebyshev differential
gridding in the domain [−1, 1] × [−1, 1]. The grid arrangement and an upscaled solution is shown in the figure 3(a)
and 3(b) respectively.
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Figure 3: (a) Chebyshev differential grids using 100 nodes in the domain and (b) RBF-PS solution up-scaled to 2000 × 2000 grids exhibiting the
high order smoothness of the solution.
5. Conclusion
Though the accuracy of an RBF-PS algorithm suffers with the involvement of radial basis function, even then its
accuracy is better than the conventional method of numerical solution. As the smoothness of the function increases,
the accuracy of pseudospectral method increases while RBF-PS approach provides almost similar accuracy. With
the application of appropriate absorbing boundary conditions RBF-PS algorithms can be used for precise seismic
modeling and full waveform inversion.
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